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Abstract: Fracture mechanics is a continuum mechanics approach to describe cracks in materials. There are plenty of 
fracture mechanics concepts such as linear elastic fracture mechanics (LEFM), elastic-plastic fracture mechanics (E-
PFM), dynamic, the time-dependent fracture mechanics that are limited to specific loading conditions, crack geometry 
(length) and material behaviour. Current paper evaluates applicability of a crack driving force in context of LEFM and 
E-PFM for arbitrary (quasi-static) loading and yielding conditions to help engineers choose appropriate fracture 
mechanics concept for their applications. 
 
1. Introduction  

Two fracture mechanics approaches are standardly 
used in LEFM – The energy release rate and the stress 
intensity factor. Both hold their validity for linear-elastic 
material behaviour or small scale yielding (SSY) 
conditions. The machine parts are components are 
normally designed for linear-elastic behaviour. Hence, the 
stress intensity factor is widely used concept in the 
mechanical engineering. Due to the overloading and local 
stress/strain field around notches are machine parts 
exposed to local plastic deformations. The E-PFM 
concepts are incorporated to describe behaviour of such 
cracks. The crack tip opening displacement (CTOD) and 
the J-integral require additionally lower restriction on the 
fracture mechanics tests as the stress intensity factor 
approach [1]. The cyclic CTOD can be used for 
characterization of a crack growth under large scale and 
general yielding condition under cyclic loading [2] but that 
approach is limited to fracture Mode I; for Mode II (or 
Mixed Mode) are currently investigated approaches like 
crack face displacement [3]. The J-integral does not 
characterize the real crack driving force for a crack in an 
elastic-plastic material behaviour even for proportional 
cyclic loading [2], [4]. The physically appropriate crack 
driving force for an elastic-plastic material behaviour has 
been derived [4]. Based on the configurational force 
concept (“modified J-integral”), the integration contour 
which encloses the active plastic zone characterizes the 
physically appropriate crack driving force [4] but it can 
lacks in practical applications, where the active plastic 
zones originates from the crack cannot be separated from 
other source of plastic deformation in the system [5]. 

The fracture mechanics describes as continuum 
mechanics tool behaviour of physically long cracks. The 
physically (or micromechanically) small cracks are often 
studied experimentally [6], [7], [8]. Here has to be said, that 
a threshold value of a small crack is an open issue [9] new 

method to asses a crack initiation and crack growth of a 
small crack are in the development [10], [11], [12]. 

 
According to a literature survey, The configurational 

force concept is able to describe physically appropriate 
crack driving force for arbitrary (quasi-static) loading and 
yielding conditions but has drawback in some practical 
applications [5]. 

The most work was done as part of the PhD. thesis [13]. 
Unless stated other, the figures are taken from [13] without 
reference. 
 
2. Crack driving force 

According to [1] the crack with initial length �� in a 
loaded body will be extended if the “generalized crack 
driving force” ���� is equal or larger than a “generalized 
crack growth resistance” 

 
 ���� � ����.  (1) 

 
The crack driving force is generally a loading 

parameter for the crack that tries to elongate the crack. The 
crack driving force comes from the work of the applied 
forces and (or) from the stored strain energy in the body. 
The crack growth resistance is a function of the material 
and impedes the crack extension. The fracture toughness is 
a material property and is measured by a fracture 
mechanics test where a sample with a sharp (pre-fatigued) 
crack with the initial length �� is loaded. In the test are 
measured the load point displacement 	, the load 
 and the 
crack growth extension ∆�. The crack driving force 
increases with loading and if ���� � ���� crack extension 
occurs. The crack growth toughness ����
∆�� is obtained 
in a similar way from an equilibrium ���� � ����. 

The crack growth resistance is a constant for linear 
elastic material behaviour. Then LEFM can be used. LEFM 
can be applied also in the case when the plastic zone ���  is 
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considerably smaller than the crack length � and the 
sample length �. That condition is called small-scale 
yielding (ssy) [1], see Figure 1: 

 
�, � ≫ ��� .                   (2) 

 
If large-scale (lsy) or general yielding conditions 

prevail (gy) E-PFM must be used. 
 

 
Figure 1 The loaded body with a crack of length �. The yielding 

conditions are distinguished by colours: green denotes small-
scale yielding, blue large-scale yielding and red general scale 

yielding. 
 
2.1. Crack driving force in LEFM 

The two following approaches are strictly restricted to 
LEFM and the ssy regime resp. – elastic energy release rate 
� and stress intensity factor �.  
 
2.1.1. The elastic energy release rate 

The elastic energy release rate concept is useful for hard 
metals, composites with metal and ceramic matrix, hard 
strength metals and for materials where the plastic zone is 
negligible (LEFM or ssy regime) and is not changing 
during the crack growth. Then the crack growth resistance 
is equal twice specific surface energy �� and a specific 
plastic work for building the fracture surface ��� [1]: 

 
 ���� � 2���� � 2
�������. (3)

  

The elastic energy release rate is expressed for a small 
interior crack of length 2�. Loaded by the remote stresses 
����� in an infinite plate as  [1]: 

 

 � �  !"##$% �
&´ , (4) 

 
where (´ for plane strain is expressed as (´ � (/
1 + ,� 
and for plane stress (´ � ( with ( as the Young modulus 
and , as the Poisson number. The critical length for a given 
applied stress can be calculated as: 

 

 �-�./ � 01234&´
 !"##$% . (5) 

 
Thus, the critical applied stress for a given crack length is: 
 

 �����,-�./ � 501234&´
 � . (6) 

 
2.1.2. The stress intensity factor 

The stress intensity factor � is dependent generally on 
the applied load (stress), the geometry of the body and the 
crack length � [1]: 
  

 � � �����√7� 9: ; �
< , =

<>, (7) 

 
where ����� � 
/
?@� is the nominal stress, ? is the 
thickness, @ is the width and A is the height of the sample, 
see Figure 1. The crack starts to grow analogously to 
equation (1) if the stress intensity factor (applied stress tip 
field) � is equal or higher than the critical stress intensity 
factor �-. Assuming plane strain state condition, the 
thickness of sample must be substantial larger than the 
radius of the plastic zone and is according to [1] expressed 
as (see also equation (2)): 
 

 �, �, ? � 2.5 DE%
!FG% , (8) 

 
where �HI is the yield strength of the material. 
 

The stress intensity factor range ∆� can be in many 
cases related to the crack extension per load cycle of a 
fatigue crack J�/JK but again LEFM (ssy) must be 
applicable [2]. 
 

2.2. Crack driving force in E-PFM 
2.2.1. The crack tip opening displacement (CTOD) 

CTOD characterizes the intensity of the near-tip field 
also in cases where LEFM is not applicable [1]. The crack 
grows in analogy to equation (1) if CTOD L is equal or 
higher than critical CTOD L-. The L- is taken at ∆� �
0.2NN. To characterize the intensity of the near-tip field 
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via CTOD the crack and the sample length as well as the 
sample thickness must be much larger than L- [1]: 

 
 �, �, ? � L-. (9) 

 
The cyclic crack tip opening displacement, ∆L/ �

L/,O�P + L/,O.�, can be expressed in form of the stress 
intensity factor range ∆� according to [2] as: 

  

 ∆L/ �∝ 
∆D�%
0&!R , (10) 

 
where ∝ is a constant and is approximately equal to 0.5 for 
plane stress and 0.5 for plane strain, �S is the yield stress. 
 
2.2.2. The J-integral 

The J-integral measures the difference of the potential 
energy of two identical non-linear elastic bodies with 

different crack lengths, see Figure 2. Following [14], 
assumed is a homogeneous body with non-linear elastic 
material properties. Plane strain condition and no volume 
forces are imposed on the body. The crack lies in x-
direction in the body. For those assumptions the J-integral 
is [1], [14]: 

 

 T � U ;VJW + X.
YZ[
YP J�> � + \

]
^_
^�` , (11) 

 
where a is the curve around the crack tip, J� is the element 
on the curve a, b., is the displacement vector, X. is the 
traction vector, c is the potential energy of the body. The 
deformation energy in the body is defined as [1], [14]: 
 

 V � U �.dJe.d
f[g

� . (12) 
 

 

      
a)       b)  

Figure 2 Non-linear elastic body with the crack of two lengths (a). The J-integral is measure of a difference in the potential 
energy (b).

Similarly to the previous methods, crack grows occurs 
if T � T-. For the J-concept to be valid T- requires much less 
strict criteria have to be satisfied to the restrictions of the 
� or the CTOD concept, see equations (8, 9) and compare 
with equation (13), [1]: 
 

 ? � h�i, (13) 
 
where h�i is the length of the process zone. h�i is 
proportional to CTOD, h�i j 
2 k 3�L. Thus this method 
is useful for a correct determination of the crack growth 
resistance T- of a low strength material. The required 

sample size is in order of magnitude smaller than what is 
necessary for a correct determination of �-. 

Hutchinson, Rice and Rosengren showed that T 
characterizes the intensity of the crack tip field for elastic-
plastic materials (so-called HRR field). Deformation 
plasticity and power-law hardening are assumed. Then the 
strain energy density near the crack tip follows the 
relationship V~T/� and the stress and strain components 
are given by [1]: 
 

 �.d � �� ; &n
opq!r%st�>\/
uv\� 
K, w�![g

~ , (14) 
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 e.d � opq!r
& ; &n

opq!r%st�>u/
uv\� 
K, w�f[g
~ , (15) 

 
where the stresses and strains are dependent on the polar 
coordinates 
�, w� with respect to the crack tip, xyz  is a 
dimensionless constant, �� is a reference stress and is equal 
to the yield strength for a small xyz, e� is a reference strain 
(e� � ��/(), K is a hardening parameter with value of  1 
for a linear elastic material description and ∞ for an ideally 
plastic material description. The parameter |u and the 
functions ,![g

~  f[g
~ are tabulated as a function of K. 

 
The conventional J-integral is not appropriate for non-

proportional cyclic loading and does not characterize the 
real crack driving force for a crack in an elastic-plastic 
material [4]. The experimental cyclic J-integral ∆T�P� was 

proposed as a parameter characterizing the crack growth 
rate J�/JK of fatigue cracks for cases where ∆� is not 
applicable anymore. 

 

2.2.3. The configurational force concept 
The configurational force concept is based on a 

thermodynamic framework and Eshelby´s energy 
momentum tensor. The concept is able to account for an 
incremental theory of plasticity. Another concept, the 
previously mentioned J-integral is developed based on 
deformation theory of plasticity. It has been shown in [2] 
[15] [16] that a calculated crack driving force based on the 
deformation theory leads to incorrect results in cyclic 
loading. The principle difference between the two theories 
of plasticity is shown in Figure. 3. 

 

      
a)     b) 

Figure 3 The stress-strain behaviour of the material described by deformation theory of plasticity is (a); the behaviour using 
incremental theory of plasticity (b).

The plastic strain in the deformation theory of plasticity 
is described as a function of equivalent strain e� j ��}, 
which is in effect a description for a non-linear elastic 
material, see Figure 3a and [1]. The incremental theory of 
plasticity describes an increment of plastic strain as a 
function of the equivalent stress: Je� j ��}, see Figure 3b 
and [1]. The two descriptions of the plastic strain results in 
different energy considerations as can be seen in the area 
below the stress-strain curve, see Figure 4 and [15]. The 
whole strain energy density V below the stress-strain curve 
can be divided into an elastic part V�� and a plastic part 
V��. Then the configurational body force vector can be 

written for the deformation theory of plasticity (non-linear 
elastic material description) as: 
 

 9���� � +∇
V| + 
��� (16) 
 
and for the incremental theory of plasticity as: 
 

 9�� � +∇
V��| + 
���, (17) 
 
where | is the unit tensor, 
�is the transposed deformation 
gradient tensor, � is the first Piola-Kirchhoff stress tensor. 
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Figure 4 The energy consideration below the stress-strain curve. 
The whole area below the red curve represents the energy 

consideration according to the deformation theory of plasticity. 
The blue part represents the energy consideration of the 

incremental theory of plasticity. The plastic part of the strain 
energy density (white) is consumed during plastic deformation 

and only the elastic part is available for driving the crack. 
 

      The thermodynamic crack driving force for elastic-
plastic materials along an arbitrary integration contour à  
(here shown for a crack driving force which originates 
from the crack tip contour à → 0 ⇒ T/.�

��  is expressed as 
[15]: 
  

 T/.�[
�� � �. U 
V��| + 
��� `� mdl,  (18) 

 
where �. is the unit vector related to the chosen direction 
of the local coordinate system of the crack, see Figure5; m 
is the unit normal vector on the integration contour à  and 
dl is the infinitesimal small length on the circumference à . 
 

 
Figure 5 Sketch of the crack driving force vector which 

originates from the crack tip. The unit vectors are chosen in 
order to plot the crack driving force as function of the crack 
modes. ∆� represents a virtual crack growth extension only 

when the crack driving force related to the crack Mode I T/.�%
��  

supports crack growth. 
 
3. Evaluation of the crack driving force 

approaches 
The evaluated fracture mechanics (crack driving force) 

approaches are summarised in Table 1. The energy release 
rate and the stress intensity factor are restricted to LEFM 
or SSY, while other approaches can be used in E-PFM. The 
configurational force concept is not restricted for 
monotonic loading and can be used for arbitrary (quasi-
static) loading and yielding conditions (denotes as cyclic 
plastic loading in the Table 1). 

 
Table 1 Regime of the validity of various fracture mechanics 

approaches 
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Conclusion 
Crack driving force concepts are described and evaluated 
in regard to LEFM and E-PFM in the paper. The regime of 
their validity are summarised in the table. The 
configurational force concept is able to handle with 
arbitrary (quasi-static) loading and yielding conditions. In 
the introduction is discussed limitation of the concept in the 
practical applications. 
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Abstract: The paper deals with snake-like robots. There are several types of snake-like locomotions. Biological example 
– snake always select the best type of locomotion in accordance with terrain. Big manoeuvrability leads many teams to 
develop snake-like robots. These structures have many degree of freedom and it is complicated to control them. 
 
1 Introduction 

Many ground locomotion devices often use endless 
rotating elements such as wheels or tracks. Endless rotating 
elements are the fascinating elements in ma-chines. These 
elements have one big disadvantage. They are not suitable 
for ex-tremely rough terrain.  There is no analogy for 
wheels and tracks in the nature. In this time, there are a lot 
of applications with biologically inspired locomotion. 
Place for biologically inspired locomotion is mainly in 
cases, where we cannot use wheels or tracks. Living 
organisms are able to adapt to surround conditions, be-
cause of its physiological needs. Consequently, they are 
able to change own shape and locomotion type.  

Biologically inspired snake robots are able to perform 
the motion in environ-ments where other types of transport 
mechanisms fail. Snake robots are usually composed of 
many identical segments. A snake robot’s body structure is 
self-enabling, and offers mechanical transport performance 
characteristics that are highly desired. However, snake 
robot body structures are difficult to control. 

The most famous research of snake like locomotion 
comes from Hirose & Yoneda Lab. Their results are 
summarized in book [1].  

They have observed four basic types of snake 
locomotion. Using of these lo-comotion types depends on 
environment condition and purpose of locomotion. These 
locomotion types can be divided into these four modes [1]: 

1. serpentine locomotion 
2. rectilinear locomotion 
3. concertina locomotion 
4. sidewinding locomotion 
 

Serpentine locomotion is the locomotion to be seen 
typically in almost kinds of snake, and is a gliding mode 
whose characteristic is that each part of body makes similar 
tracks. From ancient times this has been the mode which 
has propelled snakes like flowing water between rocks, for 
instance, and has surprised humans, and of the four modes 
this can be thought of as the most efficient.  

Rectilinear locomotion is the gliding method performed 
with a special configu-ration by large snake such as boas 
and vipers when approaching their prey or when gliding 
over a smooth surface.  

Concertina locomotion is gliding method used by 
snakes confined to a straight path over a narrow straight 
line, and by snakes placed on floor surfaces, for ex-ample, 
which are extremely slippery. In particular, the gliding 
configuration on such a floor surface uses the phenomenon 
that theoretical terms the coefficient of the static friction is 
greater than the coefficient of dynamic friction. For this 
rea-son, propulsion is possible even in a very slippery 
environment, using this gliding mode. However, the 
efficiency of such propulsion is extremely low. 

 Sidewinding locomotion is the gliding method used by 
snake such as the rattle-snake which live in the desert, and 
which lift part of their body while gliding and propel 
themselves like a tumbling spiral coil. In this mode of 
locomotion, there is no sliding movement between the 
body and surface glided over, its dynamic characteristic 
being that the body usually contacts the ground from 
above. Be-cause of this characteristic, sliding friction 
resistance is small, and in locomotions in environments 
which are not firm, such as sandy ground, the locomotive 
effi-ciency is high [1]. 
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Serpentine                Concertina 

 
Rectilinear Sidewinding 

Figure 1 Snake-like locomotion modes [1] 
 
 

2 Concept of the snake-like robot 
composed from 1DOF segments  

Snake-like robot consist of many joints for obtaining of 
many degree of freedom to obtain high level of mobility. 
Many joints means many actuators and complicated 
controlling. For this reason, it is necessary to make 
decision. How many joints is necessary for robot. We have 
to select as least as possible. 

Our robot “Hadik” consists of eight articles also called 
as segments joined with seven plane joints (fig. 2). Every 
segment has one degree of freedom (DOF). The base of the 
kinematic principle lies on alternating of vertical and 
horizontal plane joints. First article (head) and last article 
(tail) are designed with vertical plane joint, because of their 
possibility to cross any obstacles (fig. 3). Therefore, every 
kinematic pair is designed with one degree of freedom. 

 

   

 
Figure 2 Structure of snake-like robot “Hadik” 

 
Every article has one degree of freedom in regard to 

neighbour robot article. These plane joints are driven with 
actuators. As actuator is chosen position servomechanism. 
General problem for design of locomotion algorithm is 
timing of sequence. Time of every joint rotation is 
dependent on its loading and position. Therefore, 
microcontroller needs information about actual angular 
position of every joint. Ideal solution is to use information 
from internal potentiometer as feedback for our 
microcontroller.  

The article of the robot consists of 13 parts. Symmetry 
and precision of every part has been very important 
requirement. It has been needed for obtaining of stabile 
locomotion. 

 

 
Figure 3 Article (segment) of the snake-like robot 

 
3D model has been created for verification of 

functionality and possible collisions between parts in 
locomotion. Realisation of the robot brought several 
problems. It has been necessary to solve technology 
process, precision of bending, placement of wires etc. (fig. 
4). 
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Figure 4 3D model of the snake-like robot 
 
Realisation of the snake-like robot “Hadik” is shown on 

figure 5. 
 

 
Figure 5 Realisation of the snake-like robot “Hadik” 

 

3 Concept of the snake-like robot 
composed from 2DOF segments  

Concept of snake-like robot “Locosnake” consists of 
segments with 2 degree of freedom (DOF). Figure 6 shows 
the kinematic structure of it.  
 

 
Figure 6 Concept of 2DOF segment for snake-like robot 

“Locosnake” 
 

LocoSnake is a unique kinematic structure not 
previously utilized. Each segment of the snake robot 
possesses two degrees of freedom. Along one degree of 
freedom, a segment may rotate ± 90° (fig. 7). Along the 
other, a segment may effect a linear translation up to 50mm 
(fig. 8). Each segment end is equipped with a clutch which 
ena-bles the connection of other parts, signal cables, and 
provides power source cable transportation, see Figure 6. 

 
The kinematic structure of the snake robot was 

designed using SolidWorks software, see Figure 2 and 3 
for models. It was necessary to specify dimensional 
requirements to ensure the accuracy of the model’s 
configuration. The dimen-sions of the model’s action parts 
were most important. 

 

 
Figure 7 Rotation in segment for snake-like robot “Locosnake” 

 

  
Figure 8 Linear stroke in segment for snake-like robot 

“Locosnake” 
 

LocoSnake was constructed from parts made by a 3D 
printer. One link of Lo-coSnake weights 250 g and has a 
maximum length of 131 mm, width of 80,2 mm, and  height 
of 47 mm. Figure 9 shows the realisation of snake-like 
robot “Locosnake”. 

 

 
Figure 9 Realisation of snake-like robot “Locosnake” 

 
4 Conclusion 

Locomotion is basic of the live of living organisms. 
They need locomotion for food finding, for avoiding from 
enemy or another dangerous. Ways of locomotion are very 
often as inspiration for design of various locomotion 
devices [2-21]. 

Snake robots possess the ability to work within a broad 
range of applications where conventional mechanisms 
ineffective. These robots, inspired by the nature, provide 
potential solutions to designers and researches, and they 
introduce numerous undetermined questions and problems. 
Pipe inspection is an application snake robots are well 
suited to, and this area of application has not yet been 
investigated in detail. 
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Abstract: The most important component of your drive systems of mechatronic units are geared systems. Prospective 
application of highly accurate transfers it can be examined by the need to adapt to our own design, size and the minimum 
weight transfer. It is anticipated construction material so flow density, high stiffness, reliability, positioning, control. 
Increasing performance and improving load machines with gear unit leads to increase the technical level of machines. 
This process is often at the cost of degradation of the environment. One of the factors that aggravate environmental is a 
noise. Periodic changes the stiffness of the tooth during meshing in gear drives mainly affects of the noise in the transfer. 
The work is devoted to the analysis of influence of the body wheel shape on the tooth stiffness. The problem is solved for 
spur gears. As the basis for calculating the tooth stiffness are results of teeth deformation. The teeth deformation has be 
solution problem by finite element method. 
 
1 Introduction 

Gear wheels became a symbol of engineering. They are 
the basic element, through which transmission and 
transformation of mechanical power and movement are 
implemented in machines [1-3]. They are one of the most 
complicated mechanical components from the theoretical, 
construction and production viewpoint. The machines and 
machineries with gear transmission are very popular and 
draw sufficient attention. The weight reduction of the 
construction machines and engine plants as well as 
increasing of their efficiency and productivity, are all part 
of the important task in the area of the construction, 
technology and research workers must accomplish them 
[4].  
 
2 Definition of tooth stiffness  

Deformation of teeth is usually expressed 
quantitatively as a teeth stiffness during by gear mesh [5]. 
In general, stiffness defined as the ratio of load to 
deformation. The stiffness of the tooth is defined as the 
force per unit width, which is necessary for the deformation 
about 1μm [6-8]. Theoretical determination of teeth 
deformation of involute gears is difficult, because the tooth 
profile is consists of involute and smooth filet. The 
previous experimental procedures were based on the static 
deformation measurements gearing loaded constant force, 
or seismic measurement deviations as you turn. But it 
requires the construction of a suitable model and use of 
appropriate machinery, given the limited value of 
deformation quality measurement technology. The matter 
in question is thus preferable to solve finite element, which 

is one of the most widely used numerical methods. The 
tooth deformation of spur gears is not constant for all 
examined teeth of gears. The deformation of the teeth 
depends on the shape of the teeth, thus the basic parameters 
of the gearing and on the shape and construction of the 
body wheel and the wheel load.  

As has been said, the teeth of the gear wheels are 
deformed due to load. This is the cause of some negative 
but also positive consequences. Therefore, the knowledge 
of the deformation properties of the teeth is very important 
[9].The theoretical determination of the teeth deformation 
is difficult due to the complex shape of the gear teeth. In 
recent years, the question of teeth deformation has been 
solved using modern methods of calculation, for example 
by a finite element method. The finite element method is 
used to determine the teeth deformation [11-12]. We will 
focus on the value of the total deformation in the direction 
of action forces (Figure 3).On the basis of the teeth 
deformation, the stiffness of the teeth is calculated. In 
general the teeth stiffness c is defined by equation (1): 
 

δ
= w

c    (1) 

where c – tooth stiffness [N/mm.μm], 
 w – load across the width of the teeth [N/mm], 
 δ – tooth deformation [μm]. 

 
The teeth stiffness values are the basis for assessing the 

suitability of design of the wheels of mechatronic system 
in this paper. 
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3 Design of various types of gear wheels   
Achieving the smallest weight of the spur gear wheel is 

the designer's effort in designing the shape of a large gear 
wheel body. However, the reduction of the load-bearing 
cross-sections is usually limited by the requirement for 
sufficient stiffness of the bodies. In the case of gears it is 
gear mesh stiffness. 

Large-dimensional gear wheels can be made as 
monolithic one, the most commonly are a forged and cast 
gear wheels. Spur gears with a diameter of 200 to 500mm 
are produce of forged blanks most commonly. Larger spur 
gears with a diameter of over 500mm may be produce as a 
cast blanks. But striving to improve the design of the gears, 
aimed at reducing the dimensions and weight, has be led to 
the used of gears with thin-walled gear rim and with thin 
gear rim. Figure 1 shows an example of design a forged 
and cast body of spur gear wheel. 

 
Figure 1 Design of body gear wheel 

 
The wheel rim thickness (sR) and wheel web thickness 

(bS) (in Figure 2) are important parameters which influence 
of weight of gear wheel. In the next section, the paper will 
focus on the influence of wheel rim and web parameters on 
the tooth stiffness of spur gears. 
 

 
Figure 2 Design of gear wheel 

 

4 Influence of the shape of body gears 
wheel on the tooth stiffness   

Achieving The impact of the rim thickness (value sR in 
Figure 2) on the deformation and stiffness of the tooth will 
be determined on the spur gear with a number of teeth of 
z=61 and a module mn=4mm and a tooth width b=80mm. 

Will be examined the tooth stiffness under load F=5000 
N, if the if the force is applied to the head of the tooth (the 
largest bend) according to Figure 3. 

 
Figure 3 Deformation of tooth 

 
Will be examined the tooth stiffness under load F=5000 

N, if the if the force is applied to the head of the tooth (the 
largest bend) according to Figure 3. The thickness of the 
wheel rim is changed from the value sR=1.75mn (2.5mn, 
3.5mn, 5mn, 8mn and full wheel) to the full body of the 
wheel. These results are determined by the finite element 
method and are processed in the graph in Figure 4. 

 
Figure 4 Influence of wheel rim on the tooth stiffness  

 
As the results show, decreasing the thickness of the rim 

wheel is increases the tooth deformation and the tooth 
stiffness is decreases. The minimum permissible thickness 
of the wheel rim according to [10] is a sR = 3.5mn, where 
mn is a modul of the gear wheel. Thickness of wheel rim 
less than value 3.5 mn has more affects to the tooth 
deformation and stiffness. Thickness of wheel rim bigger 
than value 3.5 mn has smaller affects to the teeth 
deformation and stiffness, as show in the Figure 4. 

The impact of the rub thickness (value bS-Figure 2) on 
the tooth stiffness will be determined on the spur gear with 
a number of teeth of z=61 and a module mn=4mm and a 

bs

sR

b

meshing line

α
F δ
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tooth width b=80mm, the value of wheel rim is sR=22mm. 
The web is located at the center of the gear wheel width 
and its thickness will change from 10 mm to the 80 mm, 
when it is a full gear wheel without a web. The force is 
applied to the head of the tooth (the largest bend) according 
to Figure 3 and the value of load across the width of the 
tooth is a w=40N/mm. 

 
Figure 5 Influence of wheel web on the tooth stiffness  

 
The tooth deformation is reduced and the tooth stiffness 

is expanded, due to the increase in the thickness of the 
wheel web located at the center of the gearing width, it is 
show in Figure 5. This change in tooth deformation and 
tooth stiffness is more pronounced to the first half of 
gearing width. 

 

 
Figure 6 The locality of wheel web 

 

The influence of the wheel web (value bS-Figure 2) 
localization on the tooth stiffness will be determined on the 
spur gear with a number of teeth of z=61 and a module 
mn=4mm and a tooth width b=80mm, the value of wheel 
rim is sR=22mm. 

The wheel rub thickness is bS=10mm and its locality 
varies according to Figure 6. 

The results of the maximum tooth deformation 
examined at the loading point, if the force acts on the tip of 
the tooth (Figure 3), for wheels web with different station 
locations, according to the models 01 to 04 (Figure 6), are 
shown in the Figure 7. The value of the tooth deformation 
in the place of loading we consider the second highest 
value. 

 
Figure 7 Influence of wheel web localization on the tooth 

stiffness 
 
The minimum tooth deformation, the maximum tooth 

stiffness, is for the gear whit two wheel web. These wheel 
webs are located at the edges of the wheel width. This is 
due to the supportive effect of wheel web. The wheel web 
placement in generally is affects the teeth deformation as 
well as the teeth stiffness over the width of the spur gear. 
 
5 Conclusions  

Development of the modern machinery and means of 
production is characterized by steadily increasing 
performance factors in decreasing the weight of the device. 
Lightening of body wheel gears has affects on the 
deformation and stiffness of the teeth. Teeth stiffness is 
decreases with the decrease in thickness of the wheel rim. 
Teeth stiffness is not constant even after the width of tooth. 
If the ends of mesh contact line identic of the edge of the 
teeth, the teeth stiffness is less on this locality. The teeth 
deformation is reduced and the teeth stiffness is expanded, 
due to the increase in the thickness of the wheel web 
located at the center of the gearing width. The localization 
of wheel web has a influence of the teeth stiffness. Gear 
teeth are deformed due to the load. Recently, at ever faster 
evolving computer technology, the available literature, we 
can meet with modern numerical methods, such as finite 
element method (FEM), which can serve as one of the 
methods for the determination of teeth deformation of 
gearing. 
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Abstract: The paper deals with a description of the aspects of stress analysis performed by 2D or 3D digital image 
correlation system. It describes the differences between the types of smoothing used in Istra4D that is a software 
commercially delivered with correlation systems Dantec Dynamics. The analysis was performed on flat specimen made 
from PSM-1 material used in photoelasticity method. By loading of the specimen in form of three-point bending, a proper 
dependence between the facet size set for correlation of the images and level of local regression filter (characterized by a 
kernel size) was found. The finding for mentioned dependence was realised by comparison of the results with the results 
obtained numerically in Ansys Workbench 17.0. 
 
1 Introduction 

The full-field deformation/stress analysis performed by 
digital image correlation method requires the use of one or 
more digital camera(s) with image resolution adequate to 
realized measurement. While the specimens of common 
sizes (in range from several mm2 to several m2) are mostly 
analysed using standard digital image correlation systems 
consisting CCD cameras with image resolution of several 
Mpx, the analysis of micro-objects are performed by 
specially design correlation systems similar to 
microscopes. Correlation system consisting in one camera 
(Figure 1) theoretically suffices for the analysis of plane 
deformation [1-3]. 

 

 
Figure 1 The scheme of single-camera (2D) correlation system 

 
In case of spatial deformation analysis, the correlation 

system has to contain more cameras (Figure 2). While the 
concurrent between the image plane of single-camera 
system and the analysed specimen surface leads to the 
occurrence of some correlation errors, the use of more-
cameras system (even in case of 2D analysis) overcomes 
this drawback [1-3]. 

 

 
Figure 2 The scheme of two-camera (3D) correlation system 

 
Already two-camera system can be used for analysis of 

the specimens with curved surface. For a purpose of high 
accuracy and reliability of the results, the four-camera 
system is able to realize both-sided deformation analysis of 
flat specimens and the eight-camera system (Figure 3) 
manages to evaluate the cylindrical shaped object along its 
circumference.  
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Figure 3 The configuration of eight-camera system 

 
Digital image correlation method is based on the 

correlation of the digital images captured during specimen 
loading. It is performed along small picture elements called 
facets. Commonly, the facet is a group of pixels with 
squared shape and size from 15x15 px up to 30x30 px, 
however, the facet size can be adapted (increased or 
decreased) due to the type of the analysis. To perform 
proper correlation of the images, it is necessary to ensure 
the uniqueness of the facets, i.e. each facet has to contain 
unique distribution of the pixels with different level of grey 
value. The facets can touch or overlay themselves, but the 
gap between them is not possible. As the information about 
the displacements of the analysed object are obtained in 
nodal points of so-called virtual grid (the middles of the 
facets), the overlay of the facets (see Figure 4) belongs to 
the ways how to improve the image resolution, i.e. to 
obtain more data points and thus to copy the surface in 
better way. 

 

 
Figure 4 a) Facets without overlay, b) Facets with overlay 

 
The manufacturer of correlation systems Dantec 

Dynamics recommends overlying the facets up to 1/3 of the 
facet size, because by such overlay the data points are still 
independent [4, 5]. The bigger overlay causes, that the 
neighboring data points lose independence. The similar 
situation occurs, if the smoothing filter is applied on the 
data. The higher level of overlying, the higher the level of 
smoothing as well as the number of data points used for 
smoothing. However, the determination of more data, or 
even higher image resolution does not occur. The last, 
simplest way for the image resolution increasing is the 
decreasing of facet size, however, it is limited by the 
quality (fineness) of the speckle-pattern created on the 
analysed object surface. 

The results of deformation analysis performed by 
Dantec Dynamics correlation systems are relatively much 
influenced by a level of smoothing chosen by the user of 
software Istra4D, which is control and test software of 
mentioned correlation systems. The software allows 
filtering the data using two functions. The first one, called 
Smoothing spline, works globally on the data points and 
serves mainly for investigation of areas with 
homogeneously distributed deformation. This function fits 
the object surface by the bi-cubic smoothing function, 
whereby it uses two boundary conditions for the 
calculation of the spline functions. The first spline function 
minimizes the difference between the data point and the 
spline function and the second one minimizes the integral 
of curvature of all spline functions. In case of using this 
type of smoothing, two parameters are set in Istra4D – the 
Grid Reduction Factor (GRF) and the Smoothness factor 
(SF). If the GRF is increasing, the amount of measuring 
points is reduced and thus the obtained data are smoothed. 
The SF influences the condition of surface smoothing – the 
higher this value is, the more filtered the data are. Based on 
the analysis performed by manufacturer of Dantec 
Dynamics correlation systems, the following enclosures 
and recommendations for smoothing of object contour, 
displacements or strains using Smoothing spline were 
accepted [5]: 

• SF has the biggest influence on the filtering of 
contour and displacements, 

• by the displacement analysis oversized SF causes 
the higher level deviations – it smooths the whole 
surface and thus the noise or artefacts located in 
one part can affect the filtered data in another part, 

• by the strain analysis oversized SF causes the 
devaluation of the results on the object edges, 

• GRF has much lower influence on the results of 
displacement and strain analysis as SF. 

The default levels of mentioned factors are GRF = 2.0 
and SF = -1.0. The recommended range of particular factor 
levels for the specimen with big or small gradient of the 
contour, displacements and strains is given in Table 1. 
 

Table 1 The recommended settings for GRF and SF [5] 
 GRF SF 

 
Big 

gradient 
Small 

gradient 
Big 

gradient 
Small 

gradient 
Contour 2.0-2.5 ≤ 3,0 -1,0-(-0,5) ≤ 0,0 
Displ. 2.0 2.0 ca. -0,5 ≤ 0,0 
Strains 2.0 2.0 ca. -0,5 ≤ 0,0 

 
The second type of filtering used in Istra4D is Local 

regression, which fits the 2D polynomial object surface to 
3rd order in the data. It is the type of smoothing optimized 
for keeping of local extremes and essentially determined 
for smoothing of non-homogenous fields (the analysis of 
the specimen with stress concentrators, crack initiation, 
etc.). Depending of the kernel size, set by the user, it is 
possible to define the level as well as the type of 
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displacements and strains smoothing. While this filter is 
not activated, the strain is calculated from the deformation 
of the facet. On the other hand, the higher the kernel size, 
the higher the influence of deformation gradient for 
calculation of strains. Practically, by the set of kernel size 
bigger than 7x7, the strain is determined just from the 
deformation gradient. As can be seen in Figure 5 and 
Figure 6, where the typical differences obtained by the use 
of both smoothing filters are depicted, it is necessary to pay 
attention by the choice of adequate type and level of 
smoothing. According to the information available for 
authors, there is no rule, how to set the adequate kernel size 
by the evaluation of the experiments using local regression 
filter in Istra4D. 

 

 
Figure 5 Smoothing of strain field with local concentrator 

using: a) local regression, b) smoothing spline [5] 
 

 
Figure 6 Smoothing of homogeneous strain field using: a) local 

regression, b) smoothing spline [5] 
 

2 Experimental assessment of proper level 
of local regression 

From mentioned reasons an analysis was performed 
with aim to find a dependence between the facet size and 
corresponding kernel size in such way, that the results of 
the analysis reached towards the expected results as small 
difference as possible. Although the authors’ workplace 
disposes of several full-field experimental techniques 
(digital image correlation, electronic speckle-pattern 
interferometry as well as photoelasticity) it is not easy to 
find such method, which can serve for effective 
comparison of the results of strain/stress analysis on bigger 
surface. Although the results from experimental modelling 
are often used for verification of the numerical models, in 
some cases this process can be inversed. 

The size and the shape of the analysed specimen 
(Figure 7) as well as the boundary conditions of the 
analysis were chosen with a purpose to: 

• use the image resolution of low-speed CCD 
cameras of the correlation system Q-400 Dantec 
Dynamics as effectively as possible, 

• have possibility to create proper speckle-pattern 
on the object surface, for which it will be possible 

to perform correlation of the images with 
sufficient range of chosen facet sizes, 

• reach sufficient level of deformation in the 
surrounding of the stress concentrators even in 
laboratory conditions. 

 

 
Figure 7 Shape and dimensions of the analysed specimen 
 
The specimen was made from PSM-1 material with 

thickness of 10 mm, used in photoelasticity method. It was 
put into the loading frame, allowing the realisation of three-
point bending test and loaded in such way that the 
displacement of the sphere-shaped spike reached 1.5 mm 
in the last loading step. For a purpose to minimize the 
potential of errors, the analysis was repeated three-times 
using single-camera and two-camera correlation system. 

The reference images captured by both mentioned 
correlation systems with marked evaluation mask can be 
seen in Figure 8. The pixel density for 2D analysis was ca. 
14.5 px/mm and for 3D analysis ca. 14.64 px/mm. 

 

 
Figure 8 Reference images captured by: a) single-camera 

system, b) two-camera system 
 

Numerical model consists in four bodies – the analysed 
specimen made from PSM-1 material with Young’s 
modulus 2.5GPaE =  and Poisson ratio 0.38µ = , two 

supports and the hemispheric spike made from stainless 
steel ( 200GPaE = and 0.3µ = ). The supports were 

located in such way that they supported the specimen on 
the areas of size 15x10 mm2 (see Figure 7). The loading 
was realized by the movement of the spike in the direction 
of vertical specimen axis of symmetry. The contact of two 
rigid bodies with friction coefficient 0.4 (the value used for 
friction between steel and polycarbonate) were defined 
between corresponding parts of the model. The mesh of 
finite elements, created on particular parts of the numerical 
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model, together with defined boundary conditions can be 
seen in Figure 9. 

 

 
Figure 9 The finite element mesh with the boundary conditions 

defined at the numerical model 
 

Figure 10 shows the distribution of equivalent von 
Mises stress on the analysed specimen surface. The best 
way, how to compare the results from both analyses would 
be to export nodal data from FEA and to couple them with 
corresponding experimental nodal data from the middles of 
the facets. Although, Istra4D allows to export data in 
hierarchical HDF5 file format, it is complicated to couple 
the mentioned data properly, because neither the amounts, 
nor the locations of nodal points have to correspond. For 
that reason, the authors decided to compare the values of 
equivalent stress on two corresponding areas with sizes 
90x6 mm2 (see Figure 11), which the highest levels of 
stresses were determined on. 

 

 
Figure 10 Equivalent von Mises stress field obtained on the 

analysed specimen surface 
 

 
Figure 11 Two areas defined for comparison of equivalent von 

Mises stress determined by DIC and FEA 

 
The height of the areas lower than 10 mm (by which the 

areas could touch the bottom or the upper edge of the 
specimen) was chosen with a purpose that digital image 
correlation allows to obtain data just in the middles of the 
facets. This fact leads to the loss of the data on the edges – 
the distance of first data point from the edge is minimally 
one half of the facet size. 

The measurements realized using single-camera and 
two-camera system were evaluated in sequence using 
different facet sizes. In case that the facets touch 
themselves, the facet sizes used for correlation of the 
images were in the range from 10x10 px up to 25x25 px. 
In case of their overlay, the facet sizes were chosen in range 
from 10x10 px up to 30x30 px. Subsequently, the various 
levels of smoothing were set to filter the data and to find 
the best equality between the results obtained numerically 
and experimentally. There were two criterions for best 
equality. If the functions expressed by eq. (1) and eq. (2)  
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where 1,2,3i =  are three performed measurements, 

( )
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Mises

i
σ  and ( )

exp

mean
Mises

i
σ  are the maximal and the 

mean values obtained on the analyzed areas experimentally 

by digital image correlation system, ( )max
num

Mises

i
σ  and 

( )mean
num

Mises

i
σ  are the maximal and the mean values 

obtained on the analysed areas experimentally by software 
Ansys Workbench 17.0, reached minimum the optimal 
kernel size was found. 

The bar graphs in Figures 12-15 show the determined 
optimal dependence between the facet size used for 
correlation of the images captured by single- or two-
camera system and the kernel size of the local regression 
used for smoothing of the data. The obtained dependences 
indicate that the settings of kernel size should be 
approximately the same for 2D as well as 3D analysis.
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Figure 12 Dependence between the facet size and corresponding level of kernel size used for smoothing of 2D analysis without 
overlay of the facets (the first graph), corresponding differences in maximal and mean value of equivalent stress obtained on 

analysed areas (the second and the third graph) 
 

 
Figure 13 Dependence between the facet size and corresponding level of kernel size used for smoothing of 3D analysis without 
overlay of the facets (the first graph), corresponding differences in maximal and mean value of equivalent stress obtained on 

analysed areas (the second and the third graph) 
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Figure 14 Dependence between the facet size and corresponding level of kernel size used for smoothing of 2D analysis with overlay 
of the facets (the first graph), corresponding differences in maximal and mean value of equivalent stress obtained on analysed areas 

(the second and the third graph) 
 

 
Figure 15 Dependence between the facet size and corresponding level of kernel size used for smoothing of 3D analysis with overlay 
of the facets (the first graph), corresponding differences in maximal and mean value of equivalent stress obtained on analysed areas 

(the second and the third graph) 
 

The differences in the results obtained by the 
correlation of the facets without as well as with overlay are 
not very significant. By the use of single-camera system, 
the higher differences from the results obtained 
numerically can be observed. According to the authors this 
phenomenon was caused by the decay of parallelism 
between the camera image plane and object surface during 
loading of the specimen. Although the authors tried to 
ensure the plane deformation of the specimen, in some 

cases it is not so easy to reach it that leads to occurring of 
reconstruction errors. 

The advantage of the use of facets with overlay accrues 
from the course depicted in Figure 16, which depicts the 
dependence of correlated facets amount on the facet size 
registered in 3D analysis. 
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Figure 16 Dependence of percentage of correlated facets on the 

facet size used for evaluation with and without overlay of the 
facets 

 
In this case, the 100% value corresponds to the value of 

correlated 22609 facets with size of 10x10 px and overlay 
of 33%. As can be seen the image resolution by the use of 
facets without overlay is approximately 2x smaller. 

Figure 17 and Figure 18 depict the equivalent von 
Mises stress field evaluated by the smallest image 
resolution (the overall amount of evaluated facet with size 
of 30x30 px without facets overlay was 1122) as well as by 
the biggest image resolution (the overall amount of 
evaluated facet with size of 10x10 px with facets overlay 
was 22609). 

 

 
Figure 17 Equivalent von Mises stress obtained on the analysed 
specimen surface by the correlation with the facets size equal to 

30x30 px without overlay 
 

 
Figure 18 Equivalent von Mises stress obtained on the analysed 
specimen surface by the correlation with the facets size equal to 

10x10 px with overlay 
 

Although the criterions defined by eq. (1) and eq. (2) 
for facet size 30x30 px without overlay reached relatively 
favourable values, the distribution of von Mises stress field 
(see Fig. 17) is in the central upper part of the specimen 
influenced by small number of data points. Compared to 
mentioned fact, the von Mises stress field depicted in Fig. 
18 shows good equality to the results obtained numerically. 
Moreover, it copies the object surface in better way and 
thus the maximal values of stress differ less from the 
maximal values of finite elements analysis.  
 

3 Conclusions 
The authors describe the aspects corresponding with 

the use of 2D and 3D digital image correlation system in 
stress analysis of flat specimen. It can be stated, that the 
use of two-camera system allows stress analysis with 
smaller risk of reconstruction errors that leads to results 
with higher accuracy. In the paper, the dependence 
between the facet size used for correlation of the images 
and the optimal kernel size used in local regresion filter 
was found. If it is possible the authors recommend to use 
overlayed facets, which ensure obtaining data as near to the 
object edges as possible. Moreover, the images has higher 
image resolution, that increase the quality of the obtained 
results. 
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