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Abstract: This paper deals with the issue of mathematicadletiiog of the double inverted pendulum. The paper
consists of the determination of mathematical madehted via Lagrangian, the linearization of gystand the design
of linear quadratic regulator. For linear stablstegn were chosen DC motors placed to joints. Fuftre¢hese motors
were set individual components of PID regulatore Tast part of article deals with simulation of tlauinverted
pendulum.

1 Introduction An inverted pendulum system is a typically nonlnea

The study of humanoid robots is currently one & thredundancy, uncertainty, strong coupling and natura
most exciting research projects_ Even if some okd¢h characteristics of instabilities. All these featuraake it
works have already demonstrated very reliable dynanthe ideal model of advanced control theory andcaypi
biped walking (Yamaguchi, Soga, Inoue & Takanishiexperiment platform of test control results. There a
1999; Hirai, Hirose, Haikawa & Takenaka, 1998nhumber of different kinds of the inverted pendulum
Nishiwaki, Sugihara, Kagami, Kanehiro, Inaba & Irpu Systems presenting a variety of control challengés
2000), we believe it is still important to understathe MOst common types are [1]:
mathematical  theoretical background of biped * the single inverted pendulum on a cart,
locomotion. The locomotion of human body can be < the double inverted pendulum on a cart,
considered as the movement of inverted pendulurh wit ¢ the double inverted pendulum with an actuator at
certain number of joints, e.g. we can consider huaran the first joint only,
as triple inverted pendulum [1]. » the double inverted pendulum with an actuator at

the second joint only,

» the light weight rotary pendulum and

» other combinations.

In this paper was solved the stability problemtiod
double inverted pendulum with actuators at botimt®in
the upright position and at joints were used thees®C
motors. The pendulum is pivoted at the lower enithroér
arm (Figure 1).

The first step to achieve the objective is to ustierd
the dynamics of the system of double inverted pkmdu
by developing the mathematical modelling of theesys
In modelling, we have used Euler-Lagrange formaiati
to find equation of motion. In the second step, we
Figure 1 Human arm as double inverted pendulum linearized this non-linear system of double inwerte

pendulum in the up-up position and builded upiiedr
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state space model. The linearization is one ofnttost 1,1 5
important issues for control of non-linear systeinsthe Ev2 —Emzh a +Em2|2a2 +
next step, the stability and controllability criteshowed (3)
that the system is unstable but it is controllable. Em 34 .0.0, cos(a, - as).

2 The motion equation of the double

inverted pendulum |

The position and orientation of the double inverted: ; = mg-Lcosa;, 4)
pendulum in the plane is represented by tsimpe 2
variables-anglesg=(a4,0,). Thenthe configuration space
of pendulum isQ=GxM=M= a;Xa,. This configuration
space can be visually represented ésrus T that arises
as combination of two basic building blocks ofy
configuration space, i.e. by combining two cird[Egyure

The potential energy is defined as:

Epz = ng[llcosa'l +|—;cosazj. (5)

fter substituting of individual terms of kineticnd
potential energy to Lagrangian and after substigutio

2) [2] equation (1), we get the motion equations of double
inverted pendulum:
a:
1ml'lzdl*'lrnzhzdl*'lmﬂ1|2@.'2COS@'1_9'2)
3 3 3
1 .
-=mJl,a,sinla, —a,)(d, - a
3 412 2 (l 2)( 1 2) (6)
1 Co .
+§mjl|20'10'25|n(a'1—a'2)—rqusma'l
-m,gl;sina; =My,
ém2|22d2 +%mﬂl|25'1005(0'1_0'2)
Figure 2 The configuration space of double invegeddulum _lmﬂ 1oay sin(ay —a,)(d, - ) @)

The double inverted pendulum belongshtionomic 1 Co [, .
systems For holonomic systems apply that their_gmﬂl|2‘71‘725'n(al_‘72)_%935'””2
holonomic constraints remove degrees of freedom falo  _
system, reducing the dimensionality of its confagion z
space. Formally, a holonomic constraint is defimsda ) L .
(possibly time-varying) constraint functioh on the 3  The linearisation of inverted pendulum
system’s configuration spac®. The zero setof the The double inverse pendulum is described by two
function forms theaccessible manifoldf the constrained non-linear equations of motion. We need to lineatfzs
system, the set of configurations satisfying thest@int non-linear system in operating point closely toasle
[3]. state. Assuming small deviations we can use the
The mathematical model of pendulum was derivefpllowing angle approximations [5]:

using the Euler-Lagrange equation [4]:

a,=a,=0,
ia_l‘._izM' (1) cosa; =cosa, =1,
dtoa da sina; = ay,

whereL=Ek-Ep is Lagrangian Ey is kinetic energyE, is SINa, =z,

potential energyandM is generalized torque produced byd1~ a2 = 0,
actuators placed at joints. The kinetic energynekited cos@, —a,) =1,
pendulum has the form:

(8)

sina, —a,) =a, —a,,
£ o122 X a?=d3=0.

k1 _Emllal ' @) After application of previous equations, motion &pns
take the form:
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15, . The first step in designing a full-state feedback
gllal(ml+”‘2)+§mﬂll2a2 controller is to determine the open-loop poles lo¢ t
| 9 system. The open-loop poles for inverted penduluen w
—al(mlg—1+ ngllj =M, can solve using command in programme MATLAB [6]:
2 * poles=eig(A),
Lo iza +1m4|d—m L2y =m (10)
g3 22727 521271 29 o 27 N where we work with matrixA. These poles can be

obtained also by solving of the characteristic ¢guaof

Linearized motion equations (9) and (10) we rewritfansfer function

to the form of state equations [5]:
a ] Based on the above mentioned matrices from equation

X = AX +BuU, (12) we will mak_e the trans_fe_r_ function_s_ usihgplace
_ (11) transform assuming zero initial conditions. Laplace
y =Cx+Du. transform is yet another operational tool for sofyi

o constant coefficients linear differential equatidiggure
After substituting the values of parameters for tha). The process of solution consists of three rstéps:

inverted pendulum: « the given “hard” problem is transformed into a
*  my=0,5kg, “simple” equation,
*  my=0,5kg, * this simple equation is solved by purely
o [;=1m, algebraic manipulations,
e |,=1m,  the solution of the simple equation is
transformed back to obtain the solution of the
form of matrices is as follows: given problem.

0 1 0 0

44145 0 -14715 0 In this way the Laplace transformation reduces the

A= , problem of solving a differential equation to agediraic
0 0 0 1 problem. The third step is made easier by tabldsmse
—-4445 0 2943 O role is similar to that of integral tables in intation [7].
0 0 differential equation :;,\1!)+rz\m=h-mn un=o() »0)=0
p=| 6 ~6lc|t 000 (12)
|0 07 o010
-6 12 L — -
. aplace transformation |—>
D=O O,ule. * . —ie
00 M, algebraic equation (s+a) ()=
4  The linear quadratic regulator l
A state-space design approach is well suited to tl —'
control of multiple outputs as we have here. Thabfem +
can be solved using full-state feedback. The sclieroa solution

this type of control system is shown below (Fig®e
whereK is amatrix of control gains

| inverse Laplace transformation I—>
9 solution in time domain y=b (1-e") 120

Figure 4 The schematic of Laplace and inverse Lapla
transform [8]

1/s

[o]

A

— The transfer functions of inverted pendulum created
] using the Laplace transform express relation betwee
K

A

outputsay, ap and inputdMy, M, and their form is:

Figure 3 The schematic of full-state feedback adrystem [6]
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@ _ 65° - 266510 “°s- 8829
M s*+ 2665102563 - 735752 - 31261035+ 64%
a _ -65? + 158810 2%+ 12131013
M s*+ 2665102563 - 735752 - 312610 35+ 64%
a _ -6s2 - 2528014
Mz s*+ 2665107153 - 7357 - 312610 35+ 64%
a _ 1% + 106610 s~ 268

Mz s+ 266510153 - 75 7% - 312610 135+ 64%
The poles for inverted pendulum are:

e p=-7,9571,
. p=7,9571,
e ps=-3,2031,
«  p:=3,2031.
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Before we design our controller, we will first Jgri
that the system iscontrollable Satisfaction of this
property means that we can drive the state of ystes
anywhere we like in finite time (under the physical
constraints of the system). For the system to be
completely state controllable, the controllabilityatrix
CO must have rank where the rank of a matrix is the
number of independent rows (or columns). The number
corresponds to the number of state variables of the
system. The controllability of system was estaldish
using commands [6]:

e COe=ctrb (transfer_functions)

« controllability=rank(CO).

Inverted pendulum is described by four state véeib
and the rank of controllability matrix is four, this, it

The two poles of the open control system are lacatéollows thatthe system is controllable

in the right half-plane of complex variable s, frain

We will usethe linear quadratic regulationrmethod

follows that the double inverted pendulum is unigtabfor determining our state-feedback control gainrinas.

system (Figure 5).

+ "imaginary”
+

- "imaginary”

Figure 5 Two poles of the open control system

Na jej vypaet op& vyuzijeme MATLAB pomocou
prikazov [6]:
« Q=C*C,
 R=[10;01],
» K=lgr(A,B,Q,R).
After determining state-feedback control gain nxatri
140666 28816 11348 10010
= (14)

" |-31814 01161 48456 09957

We can assemble the transfer functions of stable
inverse pendulum:

@ _ 65" + 355+ 8615
M; s*+ 22545 +18(s? + 5987s+708

On the following figure (Figure 6) is course of theﬁl_sh_ 225453 + 18(4s? + 59875+ 708

angular rotation of joints unstable inverted pendukb;

anda, when inputsvl; andM, areINm

5x1o”
0
5‘- 5 ....................................................................
V] S— AR LI - —— (S—
15 i i i i
0 2 4 6 8 10
t
x10%
dN ;| SRS SR ........................................
0 1 i
0 2 4 6 8 10

a, _ -68° - 417%+1145
(15)
o - 65" - 3604~ 4(B5
M, s+ 22%54% +18(s” + 5987s+708
a, _ 125° +103s+ 245

M, s+ 22%54% +18(s” + 5987s+708

To achieve a vertical position up was added another
block PID controller to the block diagram. A
proportional—-integral—derivative controller is antwol
loop feedback mechanism (controller) commonly used
industrial control systems. A PID controller coniiusly
calculates arerror value as the difference between a
desired setpoint and a measured process variabhke. T
controller attempts to minimize the error over tifg
adjustment of @ontrol variable such as the position of a
control valve, a damper, or the power supplied to a

heating element, to a new value determined by ghved
sum:

u(t) = K e(t) + Kije(r)dr+ K, % (16)

Figure 6 The course of the angular rotation of jeiof unstable where K, K; and Ky all non-negative, denote the

inverted pendulura; anda,

coefficients for the proportional, integral, andidative
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terms, respectively (sometimes denoted P, |, andiD) To the block diagram (Figure 9) were finally added

this model: also DC motors with power supply 6V and their
« P accounts for present values of the error. For @kam parameters are [10]:
if the error is large and positive, the control puitwill e L=0,000121H,
also be large and positive. e kn=0,00449Nm/A,
* | accounts for past values of the error. For exaniple »  kp=0,00448Vs/rad,
the current output is not sufficiently strong, erwall . J:2'18_1(§kgm2'
accumulate over time, and the controller will resphy . B=9,0946Nms/rad,
applying a stronger action. . R=22%).
» D accounts for possible future values of the efrased
on its current rate of change. Using Laplace transform we created the transfer

As a PID controller relies only on the measure@nction for DC motors:
process variable, not on knowledge of the undeglyin
process, it is broadly applicable. By tuning thegem i, 0,00449
parameters of the model, a PID controller can cétd —= = —~ .
specific process requirements. The response of th 263710 "s”+0,001148843+ 2719
controller can be described in terms of its respemess
to an error, the degree to which the system ovetste The process of generating values of PID controller
setpoint, and the degree of any system oscillafibe.use Was again realized. The course the angular rotation
of the PID algorithm does not guarantee optimdpints of inverted pendulum, when on input to block

(17)

control of the system or even its stability. diagram is already placed power supply of DC motares
Some applications may require using only one or tw@an see in the figure below (Figure 8). o
terms to provide the appropriate system controls Th The simulations were carried out with zero initial

achieved by setting the other parameters to zerBID\ conditions and deviations in individual courses ever
controller will be called a PI, PD, P or | contesllin the caused only due to gravity.
absence of the respective control actions. Pl obets x10°

are fairly common, since derivative action is stwesito
measurement noise, whereas the absence of anaintegr
term may prevent the system from reaching its targe —
value [9]. ®
The individual components P, | and D were
automatically generated after running the buffane by y ;
which was designed the most suitable controller for 0 e g @ . 10
controlling of inverted pendulum. From the transfer i
functions we constructed the course of the angular 2
rotationa; anda, of the joints (Figure 7), where we can 15113
see thathe system is stable 10 A
ooy y /\ ................................. .
ST SR, — e
5 001 | e e 0 2 s ’ 6 5 10
0 Figure 8 The course of the angular rotation of jsiof stable
i : inverted penduluml anda2 in connection with DC motors
0'010 é ‘Il 6 8 10
‘ Conclusion
0.15 : : o — ] The article deals with the issue of stabilizatidrthe
{\ double inverted pendulum. After the determinatiérihe
°‘1J \ mathematical model of pendulum using Euler-Lagrange
S 005 R equation, we were able to linearize system. Froe th
1 L mathematical model transformed into the state space
o i i through MATLAB were verify the stability and
008} n i L L - controllability of system. After the determinaticate-
t feedback control gain matrix K using linear quaidrat
Figure 7 The course of the angular rotation of jeiof stable ~ control method and individual components &iD
inverted pendulum; anda, controller were created block diagrams, which wien

also simulated.
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To Workspace
[][ " 0.00449 -0.195+45.3 |
i 0.000000002637852+0.00114884265+27.190012 4422.5453+180.452+598.75+708 |

DCi el

Constant1 PID Controller

Scope

E 0.00449 ] N 62+99.5215+356
I 0.00000000263782+0.00114884265+27.190012 _| | 4422 5453+180.452+598.75+708

DC2 2

To Workspace 1

Constant3 PID Controllert

Figure 9 The complete block diagram of the douteited pendulum expressed using a complex vasiable
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